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Abstract  
Performance assessment is a central to the management process 
in any type of organization. In addition, making rational 
economical decisions to improve organizational performance is a 
daunting task, as any organization is typically a multi-faceted 
entity which rely on complex systems that use uncertain 
information. Data envelopment analysis (DEA) is a powerful 
quantitative tool that makes use of multiple inputs and outputs to 
obtain useful information about the performance and efficiency of 
an organization. In many real-life applications, observations are 
usually fuzzy in nature. Therefore, DEA efficiency measurement 
may be sensitive to such variations. The purpose of this study is to 
develop a unified economical fuzzy DEA model that handles 
variables of different natures (vague and deterministic) 
independently and can be adapted to both input- and output-
oriented problems, whether it is constant/variable return to scale. 
To handle fuzzy variables specially the economic variables in the 
model, the -cut approach was adopted. The model 
implementation is demonstrated through an illustrative case 
study. Managers will be able to use this model to identify and 
remedy underperformance, as well as to design regulations that 
aim to encourage efficiency and ensure that consumers benefit 
from the resulting efficiency gains. 

Keywords: Data Envelopment Analysis; Benchmarking Uncertainty 
Model; Fuzzy Variables; Performance Assessment; Organization 
Improvement.  

 

1. Introduction  

For any organization, feedback and benchmarking are two essential 
components of economic performance evaluation and improvement. 
Track and field athletes, for instance, could not improve their 
performance if they do not know how fast they are running and what 
the record time is. Benchmarking is useful to identify top performers and 



 
 
 
 
Journal of Namibian Studies, 33 S2(2023): 1757–1771   ISSN: 2197-5523 (online) 
 

 

1758   

determine the gap with them so as to narrow any differences. For 
organizations, however, things get more complex because they 
represent clusters of sub-organizations, each with their own goals and 
motivations. In such a case, management’s role consists in determining 
overall vision and goals for the entire organization which affects its 
economic and financial performance, while coordinating the efforts of 
each level of business in their achievement. The efficiency concepts are 
used for evaluating the effect of regulations and whether they play a 
constructive role. The basic definition of efficiency refers to the ability of 
an organization to produce the maximum output levels with a set of 
input levels [1,2]. 

Data Envelopment Analysis (DEA) is a non-parametric method based on 
linear programming that aims to derive the most efficient decision 
making Unit (DMU) that can be compared within a group of DMUs even 
with multiple inputs and outputs. Also, the term ‘DEA’ refers to the 
efficiency frontier that envelopes data. In addition, DEA is known to be a 
very powerful benchmarking technique. Although, many observations 
are important, reality problems could be fuzzy in nature. Moreover, the 
DEA model is sensitive to the different changes in variables. Therefore, 
an efficient DMU which is relatively efficient to other comparable DMUs 
could turn to be inefficient if such vagueness in variables, whether they 
are inputs, outputs or both, is present. In other words, if the collected 
data for a variable are not represented in the correct form, the resulting 
efficiencies will be erroneous and misleading because the efficiency 
scores are highly sensitive to the realized levels of inputs or outputs [3]. 

In recent years, good efforts have been made in the DEA models to 
address the vagueness in variables whether it is fuzzy input or fuzzy 
output. The applications of fuzzy DEA model are usually categorized into 
four approaches: tolerance approach, α-cut approach, fuzzy ranking 
approach, and possibility approach. The tolerance approach is 
considered the most popular fuzzy DEA model. Sengupta [4] was the first 
to express the fuzziness in the objective function and constraints and he 
developed a fuzzy mathematical programming model using the 
tolerance approach. The α-cut approach was proposed by Girod [5]. Its 
main idea is to convert the fuzzy DEA model to find the lower and upper 
bounds of the membership functions of the efficiency scores through a 
pair of parametric programs. Triantis and Girod [6] kept track of the 
beginning of fuzzy DEA model to measure technical efficiency by 
converting fuzzy input and fuzzy output variables into crisp variables 
using membership function. Kao and Liu [7] proposed a method to find 
the membership functions of fuzzy variables when data are fuzzy to 
measure relative efficiency using the fuzzy DEA model. He employed the 
α-cuts principle to convert a fuzzy DEA model to a family of crisp DEA 
models. Kao [8] proposed a DEA method for ranking the fuzzy relative 
efficiency scores where all input and output variables are fuzzy in 
nature. Saati et al. [9] proposed a fuzzy DEA model as a possibilistic 
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programming problem and converted it into an interval programming 
problem using α-cut approach. Entani et al. [10] developed a DEA 
approach for fuzzy input and output data by using α-level sets with an 
interval efficiency consisting of the efficiencies. Kao and Liu [11] 
developed a method to rank the fuzzy relative efficiency scores when all 
variables have fuzzy nature, i.e. the exact form of the membership 
functions are unknown. 

Liu et al. [12] developed a modified fuzzy DEA model using an α-cut 
approach to handle fuzziness in input and output variables and 
incompleteness of information on weight indices in product design 
evaluation. Liu [13] proposed a fuzzy DEA model using an α-cut 
approach to find the relative efficiency scores when all variables were in 
fuzzy numbers. Zerafat et al. [14] developed a fuzzy DEA model based on 
an α-cut approach to retain the fuzziness of the model by maximizing 
the membership functions of inputs and outputs. Khoshfetrat and 
Daneshvar [15] proposed a modified fuzzy DEA model using the α-cut 
method, to convert the given fuzzy data to interval numbers, then 
compute the lower bounds of fuzzy inputs and outputs for each factor 
weight. Azadeh et al. [16] proposed a flexible approach composed of 
artificial neural network and fuzzy DEA for location optimization of solar 
plants. Zerafat et al. [17] introduced a DEA fuzzy model that can include 
some uncertainty information from the intervals within the α-cut 
approach. Kaleibar et al. [18] developed a fuzzy DEA model and used α-
level set to transform fuzzy to crisp number for computing centralized 
resource allocation with a VRS. Hatami-Marbini et al. [19] proposed a 
fuzzy output-oriented DEA model that puts into consideration the 
vagueness of information to identify supplier performance which can be 
a flexible cross-efficiency evaluation methodology. Tharwat et al. [20] 
developed a fuzzy input-oriented DEA model that employs a 
combination of both fuzzy and deterministic output and/or input 
variables to be solved using the -cut approach. 

From the above literature survey, we reached that the available fuzzy 
output-oriented DEA model or the traditional DEA model consider all 
output and/or input variables as fuzzy in nature, although some might 
be deterministic. In addition, we found one paper only that tackles fuzzy 
input-oriented DEA model. Furthermore, there is no developed models 
that try to deal with the different orientation types either input or 
output and try to deal with the different return to scale types either 
constant or variable. So, in this study, we set to develop a unified fuzzy 
DEA model that adapts to both input- and output-oriented problems, 
whether CRS or VRS. In addition, this model handles variables of 
different natures independently (fuzzy and deterministic). 

The upcoming section will discuss the methodology of the DEA models. 
The following (third) section includes the proposed unified fuzzy DEA 
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model. This is followed by a case study, after which the derived 
conclusions will be presented. 

 

2. Data Envelopment Analysis General Mathematical Model 

There are basically two main types of DEA models. The first is the 
constant return to scale (CRS) model, developed by Charnes et al. [21], 
where there is a direct proportion between changing outputs and 
changing inputs. The other is the variable return to scale (VRS) model, 
later developed by Banker et al. [22], where the changes in inputs may 
not result in direct proportional changes in outputs. The VRS model is 
one of the extensions of the CRS model where the efficient frontiers set 
is represented by a convex curve passing through all efficient DMUs. 
DEA models can also be classified as either input- or output-orientated. 
Input-oriented DEA models define the frontier by seeking the maximum 
possible proportional reduction in input usage, with output levels held 
constant, for each DMU. Output-orientated DEA models, on the other 
hand, seek the maximum proportional increase in output production, 
with input levels held fixed. 

An input-/output-oriented CRS model is presented in model M-1 (for 
output Oriented - CRS model), and model M-2 (for input Oriented - CRS 
model).  

- A basic Output Oriented - CRS model 

     𝑀𝑎𝑥 𝑊𝑝 = ∅ 

s. t.                       

∑𝜆𝑖𝑦𝑖𝑘 ≥ ∅𝑦𝑝𝑘    , ∀𝑘

𝑛

𝑖=1

= 1…𝑠  

∑𝜆𝑖𝑥𝑖𝑗

𝑛

𝑖=1

 ≤  𝑥𝑝𝑗    , ∀𝑗 = 1… .𝑚     

𝜆𝑖  ≥ 0, (𝑖 = 1,2,… , 𝑛) (M-1) 

 
- A basic Input Oriented - CRS model   
       𝑀𝑖𝑛 𝑊𝑝 = 𝜃 

𝑠. 𝑡.   

       ∑𝜆𝑖𝑥𝑖𝑗

𝑛

𝑖=1

 ≤  𝜃𝑥𝑝𝑗   , ∀𝑗 = 1… .𝑚 

      ∑𝜆𝑖𝑦𝑖𝑘 ≥ 𝑦𝑝𝑘

𝑛

𝑖=1

        , ∀𝑘 = 1…𝑠     

      𝜆𝑖  ≥ 0, (𝑖 = 1,2,… , 𝑛)       (M-2) 



 
 
 
 
Journal of Namibian Studies, 33 S2(2023): 1757–1771   ISSN: 2197-5523 (online) 
 

 

1761   

where k = 1 to ‘s’ (no. of outputs); j = 1 to ‘m’ (no. of inputs); i = 1 to ‘n’ 
(no. of DMUs); 𝑦𝑖𝑘  = amount of output k produced by DMU i; 𝑥𝑖𝑗= 
amount of input j utilized by DMU i;  𝜆𝑖 = weight given to DMU i. 

The most important extension of the original CRS models is given by ad-
ditional constraint was introduced in models (M-1 and M-2): ∑ 𝜆𝑖 =

𝑛
𝑖=1

1. This constraint enables variable returns to scale and provides that the 
reference set is formed as a convex combination of DMUs, which are in 
the set (those that have positive value for λ in the optimal solution). For 
output-oriented - VRS model (model M-3), the same model M-1 plus the 
inclusion of the convexity constraints and for input oriented - VRS model 
(model M-4), the same model M-2 plus the inclusion of the convexity 
constraints. 

Based on the previous DEA definitions, it is noted that in the CCR models 
the output and input-oriented measures of efficiency are equal because 
there is a direct proportion between inputs and outputs variables. But in 
the BCC models, the output and input-oriented measures of efficiency 
scores are not equal for inefficient units because there are not 
necessarily proportional between changes in outputs and changes in the 
inputs [23]. 

 

3. Developed A Unified Fuzzy Data Envelopment Analysis Model 

In real-life situations, the observed values are often imprecise or vague, 
such as in a manufacturing system, a production process or a service 
system, inputs and outputs are volatile and complex. It is difficult to 
measure them in an accurate way to obtain precise data. In addition, 
some of the variables available for measure efficiency will often be in 
the form of qualitative, linguistic data, e.g., “old” equipment and “good” 
service. Therefore, it was necessary to develop a fuzzy DEA model to 
deal with such cases. The DEA model can be adapted to model both 
input/output-oriented problems. Also, it can be used with CRS or VRS 
problems. So, in this section, we aim to develop a unified fuzzy DEA 
model that allows some input/output variables to be vague in nature 
while keeping other variables deterministic. Furthermore, the model can 
be adapted to model both input/output-oriented problems, whether 
CRS or VRS. To reach our main aim, we needed to go through four 
stages. The first stage requires defining a unified DEA model that can be 
adapted to model both input/output-oriented problems, whether CRS or 
VRS. The second stage involves specifying the α-cuts approach for the 
vague input and output variables. In the third stage, the equivalent crisp 
linear model of vague input variables for a unified DEA model is 
presented. Finally, in stage four, the equivalent crisp linear model of 
vague output variables for a unified DEA model is presented. 

The following two remarks and two propositions to obtain the unified 
fuzzy DEA model for measuring the relative efficiency level for each 
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DMU that handle different natures of variable independently (fuzzy and 
deterministic) are presented. 

Remark 1: Consider a DEA model that can be adapted to model both 
input/output-oriented problems, whether CRS or VRS. Then the unified 
DEA model based on (M-1 up to M-4) presented is as: 

𝑀𝑎𝑥 𝑊𝑝 = 𝛿𝑀𝑇∅ − (1 − 𝛿𝑀𝑇)𝜃 

𝑠. 𝑡.                                                                           

∑𝜆𝑖𝑥𝑖𝑗

𝑛

𝑖=1

 ≤  𝛿𝑀𝑇𝑥𝑝𝑗 + (1 − 𝛿𝑀𝑇)𝜃𝑥𝑝𝑗              , ∀𝑗 = 1…𝑚 

∑𝜆𝑖𝑦𝑖𝑘 ≥ 𝛿𝑀𝑇∅𝑦𝑝𝑘 + (1 − 𝛿𝑀𝑇) 𝑦𝑝𝑘    

𝑛

𝑖=1

         , ∀𝑘

= 1…s                       (𝑀 − 5) 

𝛿𝑅𝐶 [∑𝜆𝑖 − 1

𝑛

𝑖=1

] = 0 

         𝜆𝑖  ≥ 0, (𝑖 = 1,2,… . , 𝑛)  

where: 𝛿𝑀𝑇: the model type variable is defined as: 

 𝛿𝑀𝑇 = {
1        𝑖𝑓 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙 𝑖𝑠 𝑂𝑢𝑡𝑝𝑢𝑡 oriented 
0        𝑖𝑓 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙 𝑖𝑠 Input oriented    

 

 and 𝛿𝑅𝐶: The return to scale model type variable is defined as: 

𝛿𝑅𝐶 = {
1        𝑖𝑓 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙 𝑖𝑠 variable reurn to scale
0        𝑖𝑓 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙 𝑖𝑠 constant reurn to scale

 

 

Consequently, there are three main different cases which are:  

• _MT+δ_RC=2 hence, the model is an output-oriented VRS DEA model 
presented in (𝑀−3). 
• δ_MT+δ_RC=1  

➢ If δ_MT=1, hence, the model is an output-oriented CRS DEA 
model presented in (𝑀−1). 

➢ If δ_RC=1, hence, the model is an input-oriented VRS DEA model 
presented in (𝑀−4). 

• δ_MT+δ_RC=0, hence, the model is an input-oriented CRS DEA model 
presented in (𝑀−2).   

Remark 2: Suppose that some of the input and/or output observations 
are fuzzy variables, then the equivalent fuzzy DEA model for measuring 
the efficiency level of pth DMU for the model (M – 5) is as: 

𝑀𝑎𝑥 𝑊𝑝 = 𝛿𝑀𝑇∅ − (1 − 𝛿𝑀𝑇)𝜃 

𝑠. 𝑡. 
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∑𝜆𝑖𝑥𝑖𝑗

𝑛

𝑖=1

 ≤  𝛿𝑀𝑇𝑥𝑝𝑗 + (1 − 𝛿𝑀𝑇)𝜃𝑥𝑝𝑗              , ∀𝑗 ∈ 𝐽𝐷 

∑𝜆𝑖𝑥̃𝑖𝑗

𝑛

𝑖=1

 ≤  𝛿𝑀𝑇𝑥̃𝑝𝑗 + (1 − 𝛿𝑀𝑇)𝜃𝑥̃𝑝𝑗      , ∀𝑗 ∈ 𝐽𝐹 

∑𝜆𝑖𝑦𝑖𝑘 ≥ 𝛿𝑀𝑇∅𝑦𝑝𝑘 + (1 − 𝛿𝑀𝑇) 𝑦𝑝𝑘    

𝑛

𝑖=1

         , ∀𝑘

∈ 𝐾𝐷                       (𝑀 − 6) 

∑𝜆𝑖𝑦̃𝑖𝑘 ≥ 𝛿𝑀𝑇∅𝑦̃𝑝𝑘 + (1 − 𝛿𝑀𝑇)𝑦̃𝑝𝑘

𝑛

𝑖=1

        , ∀𝑘 ∈ 𝐾𝐹 

𝛿𝑅𝐶 [∑𝜆𝑖 − 1

𝑛

𝑖=1

] = 0 

𝜆𝑖  ≥ 0, (𝑖 = 1,2, … . , 𝑛) 

where 𝑥̃𝑖𝑗: fuzzy number for input j utilized by DMU 𝑖, 𝑦̃𝑖𝑘: fuzzy number 

for output k produced by DMU 𝑖, 𝐽𝐷   is the set of deterministic inputs, 
𝐽𝐹 is the set of fuzzy inputs, 𝐽 is the set of all inputs, 𝐽𝐷 ∪ 𝐽𝐹 = 𝐽 
and 𝐾𝐷 is the set of deterministic outputs, 𝐾𝐹 is the set of fuzzy outputs, 
and K set of all outputs, where  𝐾𝐷 ∪ 𝐾𝐹 = 𝐾. 

The input-output observations are assumed fuzzy variables, then the 
deterministic inequalities convert to equivalent fuzzy inequalities based 
on the fuzzy theory [5] 

Definition: a membership function for a fuzzy set A on the universe of 
discourse X is defined as µA:X → [0,1], where each element of X is 
mapped to a value between 0 and 1. This value, called membership 
value or degree of membership, quantifies the grade of membership of 
the element in X to the fuzzy set A. 

Membership functions allow us to graphically represent a fuzzy set. The 
x-axis represents the universe of discourse, whereas the y-axis 
represents the degrees of membership in the [0,1] interval. Simple 
functions are used to build membership functions. There are different 
types of membership functions such as triangular, trapezoidal, etc. 

Proposition 1: Assume that triangular membership function for fuzzy 
input variables (𝑥̃𝑖𝑗 ∈ 𝐽𝐹), then the equivalent crisp linear model for the 

fuzzy DEA model using 𝛼-cut approach presented in the model (M-6) is 
as: 

𝑀𝑎𝑥 𝑊̃𝑝 = 𝛿𝑀𝑇∅ − (1 − 𝛿𝑀𝑇)𝜃 
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𝑠. 𝑡. 

∑𝜆𝑖𝑥𝑖𝑗

𝑛

𝑖=1

 ≤  𝛿𝑀𝑇𝑥𝑝𝑗 + (1 − 𝛿𝑀𝑇)𝜃𝑥𝑝𝑗             , ∀𝑗 ∈ 𝐽𝐷 

∑𝜆𝑖𝑥̃𝑖𝑗

𝑛

𝑖=1

 ≤  𝛿𝑀𝑇𝑥̃𝑝𝑗 + (1 − 𝛿𝑀𝑇)𝜃𝑥̃𝑝𝑗      , ∀𝑗 ∈ 𝐽𝐹 

𝑥̃𝑖𝑗 ≤ 𝛼𝑥𝑖𝑗
𝑀 + (1 − 𝛼)𝑥𝑖𝑗

𝑈       , ∀𝑗 ∈ 𝐽𝐹 , 𝑖 = 1,2,… , 𝑛 

𝑥̃𝑖𝑗 ≥ 𝛼𝑥𝑖𝑗
𝑀 + (1 − 𝛼)𝑥𝑖𝑗

𝐿        , ∀𝑗 ∈ 𝐽𝐹 , 𝑖 = 1,2,… , 𝑛 

∑𝜆𝑖𝑦𝑖𝑘 ≥ 𝛿𝑀𝑇∅𝑦𝑝𝑘 + (1 − 𝛿𝑀𝑇)𝑦𝑝𝑘    

𝑛

𝑖=1

         , ∀𝑘

∈ 𝐾𝐷                       (𝑀 − 7) 

∑𝜆𝑖𝑦̃𝑖𝑘 ≥ 𝛿𝑀𝑇∅𝑦̃𝑝𝑘 + (1 − 𝛿𝑀𝑇)𝑦̃𝑝𝑘

𝑛

𝑖=1

        , ∀𝑘 ∈ 𝐾𝐹 

𝛿𝑅𝐶 [∑𝜆𝑖 − 1

𝑛

𝑖=1

] = 0 

𝜆𝑖  ≥ 0, (𝑖 = 1,2, … , 𝑛) 

Where 𝛼: 𝛼-cut level for fuzzy variables j, 𝑥𝑖𝑗
𝐿 : the lower value of input 

fuzzy variable 𝑗 utilized by DMU 𝑖, 𝑥𝑖𝑗
𝑀 : median value of input fuzzy 

variable 𝑗 utilized by DMU 𝑖, 𝑥𝑖𝑗
𝑈: the upper value of input fuzzy variable 

𝑗 utilized by DMU 𝑖. 
Proof: For model (M-7) assumed that a triangular membership function 
for the input fuzzy numbers that are used for expressing fuzzy inputs as 
follows: 

𝜇𝑥̃𝑖𝑗

{
  
 

  
 
0           , 𝑥𝑖𝑗 ≤ 𝑥𝑖𝑗

𝐿             

𝑥𝑖𝑗−𝑥𝑖𝑗
𝐿

𝑥𝑖𝑗
𝑀−𝑥𝑖𝑗

𝐿 , 𝑥𝑖𝑗
𝐿 ≤ 𝑥𝑖𝑗 ≤ 𝑥𝑖𝑗

𝑀  

𝑥𝑖𝑗
𝑈−𝑥𝑖𝑗

𝑥𝑖𝑗
𝑈−𝑥𝑖𝑗

𝑀 , 𝑥𝑖𝑗
𝑀 ≤ 𝑥𝑖𝑗 ≤ 𝑥𝑖𝑗

𝑈

0        , 𝑥𝑖𝑗 ≥ 𝑥𝑖𝑗
𝑈             

             (1) 

𝑥̃𝑖𝑗 = (𝑥𝑖𝑗
𝐿 , 𝑥𝑖𝑗

𝑀 , 𝑥𝑖𝑗
𝑈),       0 ≤ 𝑥𝑖𝑗

𝐿 ≤ 𝑥𝑖𝑗
𝑀 ≤ 𝑥𝑖𝑗

𝑈  → 𝑥̃𝑖𝑗 ∈ [𝑥𝑖𝑗
𝐿 , 𝑥𝑖𝑗

𝑈]                  
(2) 

To find α-cuts of x _̃ij arithmetical operations on triangular fuzzy 
numbers are defined in eq. 1. With this operation, an interval that shows 
lower and upper bounds in different α-levels is found. Application of α-
cut interval operations to fuzzy inputs are as follows: 
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𝜇𝑥̃𝑖𝑗 ≥ 𝛼

{
 

 
𝑥𝑖𝑗−𝑥𝑖𝑗

𝐿

𝑥𝑖𝑗
𝑀−𝑥𝑖𝑗

𝐿 ≥ 𝛼

𝑥𝑖𝑗
𝑈−𝑥𝑖𝑗

𝑥𝑖𝑗
𝑈−𝑥𝑖𝑗

𝑀 ≥ 𝛼

                  (3) 

𝑥̃𝑖𝑗 ∈ [𝛼𝑥𝑖𝑗
𝑀 + (1 − 𝛼) 𝑥𝑖𝑗

𝐿 , 𝛼𝑥𝑖𝑗
𝑀 + (1 − 𝛼) 𝑥𝑖𝑗

𝑈]                  (4)  

Proposition 2: Assume that triangular membership function for fuzzy 
output variables (𝑦̃𝑖𝑘 ∈ 𝐾𝐹), the equivalent crisp linear model for the 
fuzzy DEA model presented in the model (M-7) is as: 

𝑀𝑎𝑥 𝑊̃𝑝 = 𝛿𝑀𝑇∅ − (1 − 𝛿𝑀𝑇)𝜃 

𝑠. 𝑡. 

∑𝜆𝑖𝑥𝑖𝑗

𝑛

𝑖=1

 ≤  𝛿𝑀𝑇𝑥𝑝𝑗 + (1 − 𝛿𝑀𝑇)𝜃𝑥𝑝𝑗             , ∀𝑗 ∈ 𝐽𝐷 

∑𝜆𝑖𝑥̃𝑖𝑗

𝑛

𝑖=1

 ≤  𝛿𝑀𝑇𝑥̃𝑝𝑗 + (1 − 𝛿𝑀𝑇)𝜃𝑥̃𝑝𝑗      , ∀𝑗 ∈ 𝐽𝐹 

𝑥̃𝑖𝑗 ≤ 𝛼𝑥𝑖𝑗
𝑀 + (1 − 𝛼)𝑥𝑖𝑗

𝑈       , ∀𝑗 ∈ 𝐽𝐹 , 𝑖 = 1,2,… , 𝑛 

𝑥̃𝑖𝑗 ≥ 𝛼𝑥𝑖𝑗
𝑀 + (1 − 𝛼)𝑥𝑖𝑗

𝐿        , ∀𝑗 ∈ 𝐽𝐹 , 𝑖 = 1,2,… , 𝑛 

∑𝜆𝑖𝑦𝑖𝑘 ≥ 𝛿𝑀𝑇∅𝑦𝑝𝑘 + (1 − 𝛿𝑀𝑇)𝑦𝑝𝑘    

𝑛

𝑖=1

         , ∀𝑘

∈ 𝐾𝐷                       (𝑀 − 8) 

∑𝜆𝑖𝑦̃𝑖𝑘 ≥ 𝛿𝑀𝑇∅𝑦̃𝑝𝑘 + (1 − 𝛿𝑀𝑇)𝑦̃𝑝𝑘

𝑛

𝑖=1

        , ∀𝑘 ∈ 𝐾𝐹 

𝑦̃𝑖𝑘 ≤ 𝛼𝑦𝑖𝑘
𝑀 + (1 − 𝛼)𝑦𝑖𝑘

𝑈              , ∀𝑘 ∈ 𝐾𝐹 , 𝑖 = 1,2, … , 𝑛 

𝑦̃𝑖𝑘 ≥ 𝛼𝑦𝑖𝑘
𝑀 + (1 − 𝛼)𝑦𝑖𝑘

𝐿              , ∀𝑘 ∈ 𝐾𝐹 , 𝑖 = 1,2, … , 𝑛 

𝛿𝑅𝐶 [∑𝜆𝑖 − 1

𝑛

𝑖=1

] = 0 

𝜆𝑖  ≥ 0, (𝑖 = 1,2, … , 𝑛) 

Where 𝛼: 𝛼-cut level for fuzzy variables, 𝑦𝑖𝑘
𝐿 : the lower value of fuzzy 

output variable 𝑘 produced by DMU 𝑖, 𝑦𝑖𝑘
𝑀: median value of fuzzy output 

variable 𝑘 produced by DMU i, 𝑦𝑖𝑘
𝑈 : the upper value of the fuzzy output 

variable 𝑘 produced by DMU 𝑖. 
Proof: For model (M-8) assumed that a triangular membership function 
for the output fuzzy numbers that are used for expressing fuzzy outputs 
as follows: 
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𝜇𝑦̃𝑖𝑘

{
  
 

  
 
0           , 𝑦𝑖𝑘 ≤ 𝑦𝑖𝑘

𝐿            

𝑦𝑖𝑘−𝑦𝑖𝑘
𝐿

𝑦𝑖𝑘
𝑀−𝑦𝑖𝑘

𝐿 , 𝑦𝑖𝑘
𝐿 ≤ 𝑦𝑖𝑘 ≤ 𝑦𝑖𝑘

𝑀

𝑦𝑖
𝑈−𝑦𝑖𝑘

𝑦𝑖𝑘
𝑈−𝑦𝑖𝑘

𝑀  , 𝑦𝑖𝑘
𝑀 ≤ 𝑦𝑖𝑘 ≤ 𝑦𝑖𝑘

𝑈

0           , 𝑦𝑖𝑘 ≥ 𝑦𝑖𝑘
𝑈             

               (5) 

𝑦̃𝑖𝑘 = (𝑦𝑖𝑘
𝐿 , 𝑦𝑖𝑘

𝑀 , 𝑦𝑖𝑘
𝑈 ),      0 ≤ 𝑦𝑖𝑘

𝐿 ≤ 𝑦𝑖𝑘
𝑀 ≤ 𝑦𝑖𝑘

𝑈  → 𝑦̃𝑖𝑘 ∈ [𝑦𝑖𝑘
𝐿 , 𝑦𝑖𝑘

𝑈 ]                
(6) 

 

To find α-cuts of 𝑦̃𝑖𝑘 , arithmetical operations on triangular fuzzy 
numbers are defined in eq. 5. With this operation, an interval that shows 
lower and upper bounds in different α-levels is found. Application of α-
cut interval operations to fuzzy outputs are as follows: 

𝜇𝑦̃𝑖𝑘 ≥ 𝛼{

𝑦𝑖𝑘−𝑦𝑖𝑘
𝐿

𝑦𝑖𝑘
𝑀−𝑦𝑖𝑘

𝐿 ≥ 𝛼

𝑦𝑖𝑘
𝑈−𝑦𝑖𝑘

𝑦𝑖𝑘
𝑈−𝑦𝑖𝑘

𝑀 ≥ 𝛼 
          (7) 

𝑦̃𝑖𝑘 ∈ [𝛼𝑦𝑖𝑘
𝑀 + (1 − 𝛼)𝑦𝑖𝑘

𝐿 , 𝛼𝑦𝑖𝑘
𝑀 + (1 − 𝛼)𝑦𝑖𝑘

𝑈  ]           (8) 

 

4. Case Study 

To illustrate the significance of our unified fuzzy DEA model (M-8) we 
present the following hypothetical case study which considers a factory 
for production smart TV with seven departments (maintenance, 
production, quality and control, inventory, procurement, marketing, and 
finance), three input variables and two output variables. Two of the 
selected input variables are deterministic (average number of working 
hours per department, and average monthly salaries per department) 
and based on the nature of the third input it considered as fuzzy variable 
(average employees’ satisfaction level per department). In the other 
hand two output variables are selected, the first one represents the 
number of finished products/services per hour per department which is 
a deterministic one, and the second output represents the average 
organization’s satisfaction level per department which is again a fuzzy 
variable. Both fuzzy variables are following triangular fuzzy numbers 
with minimum, average and maximum values for each department. The 
data that represents the deterministic variables and the parameters of 
fuzzy variables are provided in Tables 1,2.  Furthermore, assume that the 
α-cut level for the problem is 0.5. 
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Table 1 Hypothetical data for the deterministic variables for the DMUs 

Department 

Inputs Output 

Average 

Number of 

Working Hours 

(100) 

Average 

Monthly 

Salaries (1000) 

Finished 

Products/Service

s per Hour 

Maintenance  6.11 4.36 21 

Production  3.66 2.54 12 

Quality and Control  1.44 0.48 14 

Inventory 1.21 0.23 10 

Procurement 2.75 1.40 10 

Marketing  4.18 2.74 6 

Finance  6.39 3.36 18 

Table 2 Hypothetical data for the fuzzy variables for the DMUs 

Department 
Employees’ Satisfaction 

Level 

Organization Satisfaction 

Level 

Maintenance   1.76   7.27    12.27 0.12   0.19    0.27 

Production    3.85   4.65    5.53 0.00   0.10    0.24 

Quality and Control 1.33   1.88     3.38 0.05   0.10    0.16 

Inventory  0.78   1.48    2.06 0.00   0.06    0.16 

Procurement  3.22   3.63    4.61 0.02   0.07    0.17 

Marketing  4.30   6.13    8.03 0.00   0.06    0.15 

Finance    4.40   8.00   10.68 0.06   0.17    0.30 

To implement the proposed algorithm for solving the problem under 
investigation, two scenarios will be covered to determine the relative efficiency 
of the departments. In the first scenario, fuzzy output-oriented VRS DEA case as 
shown in the (M-8) when 𝑀𝑇 + 𝑅𝐶 = 2 , an LP formulation for each 
department has to be provided in order to measure the relative efficiency. For 
the second scenario, fuzzy input-oriented VRS DEA case when 𝑀𝑇 + 𝑅𝐶 = 1 
but  𝑅𝐶 = 1, an LP formulation for each department has to be provided in order 
to measure the relative efficiency. For each scenario, the GAMS programming 
language software used to solve the 7 models for each department 
independently. The relative efficiency level for each department is as shown in 
Table 3. 
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Table 3 Relative efficiency level for each DMU 

Department 
Fuzzy input-oriented 

DEA Model 
Fuzzy Output-

Oriented DEA Model 

Maintenance  1 1 

Production  0.36 0.44 

Quality and Control  1 1 

Inventory  1 1 

Procurement  0.44 0.56 

Marketing  0.29 0.13 

Finance  0.80 0.66 

Examining the results, we find that, the developed models showed 
promising comparable results. As mentioned above, the results are the 
same in the VRS DEA models either output- or input-oriented for 
efficient and inefficient DMUs but the efficiency scores for inefficient 
DMUs are not equal, because there are not necessarily proportional 
changes in the outputs and changes in the inputs. Table 3 showed that 
there are 3 efficient departments and 4 inefficient departments. For 
efficient departments, we advise comparing these departments with the 
corresponding departments in their competitors' factories to make sure 
these departments are efficient do not need any improvement because 
DEA is calculated relative efficiency, not efficiency in general. 

For inefficient departments production, procurement, marketing, and 
finance have 0.4, 0.5, 0.21, and 0.73 average efficiency level 
respectively. We classify them from in three groups high, medium, and 
low inefficient. The interval of low inefficient group includes all 
inefficient department their efficiency level above 70%, medium 
inefficient group below 70% and above 30%, and high inefficient group 
below 30% efficiency level. From this perspective, marketing 
department classify as high inefficient, production and procurement 
departments classify as medium inefficient, and finance classify as high 
inefficient. High inefficient group need to take the largest share of the 
allocated budget for improvement. It is recommended to change in 
layout department and invested in employees training, this will be 
reflected directly on employee’s satisfaction level, and indirectly way to 
optimize number of working hours to increase number of finish 
product/service per hour. In addition, invested in the marketing 
research to increased organization profit and of course the organization 
satisfaction level will be increased. This department need improvement 
on average by 80%.  

For medium inefficient group, it is recommended to adding an additional 
economic product to increase the market share of the organization, new 
economic product did not rise the cost of the capital but increased the 
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net profit. Part of the allocated budget share for improvement can used 
for the new product costs and another part will be invested in 
employees/labors training. The production and procurement need 
improvement in efficiency level on average by 60% and 50% 
respectively. Finally, for low inefficient group, need to take the lowest 
share of the allocated budget for improvement. It is recommended to 
change in layout department and invested in employees training to 
optimize the losing time in number of working hours and increase 
employee’s satisfaction level. The finance department need to improve 
efficiency level by 27%. Moreover, it is recommended distributed as a 
quarterly profit for the employees/labors, this is will be affected directly 
and indirectly to all parameters to increase the organization satisfaction 
level. 

 

5. Conclusions 

Because exact data may not always be available in real-life problem 
performance assessments due to the existence of uncertainty. In this 
study, a unified fuzzy DEA model was presented that is able to handle 
input and output variables with-different nature (vague or deterministic) 
independently. The model can be adopted to model both input-oriented 
or output-oriented problems as well. Furthermore, it can be used with 
CRS or VRS problems. Input/output variables could be set to be 
deterministic, or fuzzy variables. Fuzzy variables are assumed with 
triangular membership functions. The idea is to transform the non-
deterministic constraints to their equivalent deterministic constraint and 
solve the problem in deterministic domain.  For this purpose, we used α-
level approach to handle fuzzy variables. 

The DEA efficiency measurement is sensitive to change in variables’ 
nature. A DMU which is rated as efficient relative to other DMUs may 
turn inefficient if such uncertain variations are considered, or vice versa. 
In other words, if the collected data for a variable is not represented in 
the correct form, the resulting efficiencies will be erroneous and 
misleading because of the high sensitivity of the efficiency scores to the 
realized levels of inputs or outputs. Therefore, it is necessary to identify 
the nature of the variables from the beginning and apply the appropriate 
DEA model to achieve reliable results. Implementing the two models on 
the illustrative example resulted in: similar efficient DMUs and different 
the inefficient DMUs in terms of efficiency levels. This could not 
necessarily be interpreted by proportional changes in the outputs and 
changes in the inputs. 
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