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                              Abstract 

In this paper, we propose and discuss multi point iterative 

methods for solving nonlinear equations. These methods 

are based on classical newton method and have fifth and 

eighth order convergence. The convergence analysis of 

proposed methods have proved. The effectiveness and 

performance of the new iterative methods have been 

tested and compared with few existing equivalent 

methods on various numerical examples. Finally, the 

basins of attraction for various polynomials are 

demonstrated to display the stability of method with 

respect to the initial point. 
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1. Introduction 

In diverse fields of engineering and mathematical science, 

searching an analytic solution of nonlinear equation of the 

form f (x) = 0; f : D ⊆ R → R is not always effortless and 

feasible to some extent. Therefore, in order to obtain 

approximate solution, the numerical perspective, is not only 

indispensable but also extensively used in many real word 

problems. 
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̸ 

One of the most known one-step optimal quadratically 

convergent iterative scheme for the solution of such 

nonlinear equation is classical Newton method (see [1, 2]), 

stated by 

   
 

In recent years, a number of researchers have regularly 

improved newton method to propose and analyze higher 

order iterative methods in order to achieve more accurate 

results such as Chebyshev method, Halley method, Jarrat 

method, King’s method etc. When order of convergence of 

iterative method increases then the number of functional 

evaluations per step also increases. The Ostrowski index 

(see[3]) gives a measure of balance between such quantities, 

according to the formula   E= p(1/d), where p is the order of 

convergence of the method and d is the total number of 

function evaluations per step. Recently, Many fifth and 

eighth order iterative methods have been developed in the 

literature(see[4–15] and references therein). The recent 

publication by Petkovic[16] comprises a  survey on the 

developments that have been made in the class of multi-

point methods as well as an extended  list  of references. 

 In this study, we contribute a little bit more in the theory of 

iterative procedures by proposing iterative procedures which 

are free from second derivatives and are of fifth and eighth 

order of convergence. The rest of this paper is organized as 

follows: The proposed methods are described in Section 2. 

The convergence analysis is accomplish to demonstrate the 

order of convergence in Section 3. Comparison of 

presented methods with various existing methods of fifth 

and eighth order in series of numerical illustrations is 

presented in Section 4. Section 5 is devoted to the complex 

dynamical analysis of the designed methods on quadratic, 

cubic, bi-quadratic and fifth degree polynomials. In Section 6, 

we end this paper with some concluding  remarks. 

 

2. The Proposed Methods 

Assume that  r  is a simple zero of  f (x); i.e. f (r) = 0, f ′(r) = 0 and 

f (x) is a real function which is sufficiently differentiable on an 

interval. 
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Algorithm 1:- For initial approximation x0, the approximate 

solution xk+1 of f (x) = 0 can be computed by the following 

iterative method: 

 

  
     (2)

 

The order of convergence of above method is five. It requires 

one evaluation of f and three evaluations of f ′ in each 

iterations. We call this iterative method as AR5. 

 

Algorithm 2:- For a given initial approximation x0, computing 

the approximate solution xk+1 of f (x) = 0 by the following 

iterative scheme: 

 

 

 

The order of convergence of the above scheme is eight. It 

requires two evaluations of f and three evaluations of 

f ′ in each iterations. We designated this method as AR8. 

Remark: - One additional step is added in fifth order method 

defined in Algorithm 1 to achieve the convergence        order 

eight defined in Algorithm 2. 

 

3. Convergence Analysis 

Here, we have proved the convergence of above proposed 

iterative schemes with the help of MATHEMATICA 

13.0 software. 
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            (11) 
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Hence, the fifth order convergence is established. Which 

completes the proof of the theorem. 

 

Substitueing (5), (8), (11), (12) and (14) in the last sub step 

of proposed scheme (3), we have   

     

Where 
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 Hence, eighth order convergence is achieved. Which 

completes the proof of the theorem 

4. Numerical illustrations 

In order to illustrate the efficiency and performance of the 

proposed methods, few numerical examples are considered. 

We compare the proposed methods with some existing fifth 

and eighth order methods in literature. Note that all 

computations are executed using MATHEMATICA 13.0 

software. We conceive an approximate solution rather than 

the exact root. The total number of iterations (N) are listed 

by using the stopping criteria either  

 

When the stopping criteria is satisfied, xN is taken as 

computed root r. It is the well-known fact that, in case of 

multi-step iterative methods, a fast convergence can be 

achieved if initial approximation is very close to the root; for 

this reason, a special attention should be paid to exploring 

appropriate initial approximation [1]. Furthermore, any 

iterative method may be divergent when initial 

approximation is away from the exact root. 

For exhibiting numerical results, some existing fifth and 

eighth order methods from literature are given below: 
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 9(25) 

 

                                          Table 1: Efficiency Indices of various methods 

 

Methods p d E 

NM2 2 2 1.4142 

HM5 5 4 1.4953 

SM5 5 4 1.4953 

FM5 5 4 1.4953 

KM5 5 5 1.3797 

ZM5 5 4 1.4953 

BM5 5 4 1.4953 

AR5 5 4 1.4953 

LM8 8 4 1.6818 

PM8 8 4 1.6818 

SM8 8 4 1.6818 

CM8 8 4 1.6818 

SNM8 8 4 1.6818 

LSM8 8 4 1.6818 

KM8 8 5 1.5157 

AR8 8 5 1.5157 

Table 2: Test functions with their approximate root and initial approximation: 
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Table 1 shows the efficiency indices of various methods and 

new methods. Table 2 represents the test functions, their 

approximate roots r and initial approximations x0. 

 

                                              Table 3: Comparison between various fifth order methods 
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Table 3 represents the corresponding results for f1 − f9. The 

computational results clearly show that new proposed fifth 

order method is competitive with other existing fifth order 

methods. One can easily notice that there is no clear 

champion between the various fifth order methods in a 

manner that one acts well in one state while others call for 

other. Table 4 shows the comparable results for f1 − f9. The 

computational results clearly show that new proposed 

eighth order method is competitive with other existing 

eighth order methods. We can easily perceive that there is 

no clear titleholder between the various eighth order 

methods in a manner that one acts well  in one state while 

others lead the way in other.
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                                               Table 4: Comparison between various eighth order methods 

 
5. Basins of Attraction on the Complex Plane 

In this section, we are studying the dynamical behavior of 

above mentioned fifth and eighth order iterative methods 

by generating basins of attraction for three different 

polynomials. Actually, basin of attraction is an approach to 

visually comprehend how an iterative method acts as a 

function of the various starting points. Stewart [17] was 

the first who generates the basins to compare classical 

newton method with various other methods of different 

orders. Following [18] and [14], we take a grid of 256 × 256 

points in square [−2, 2] × [−2, 2] ⊆ C and [−2.5, 2.5] × [−2.5, 

2.5] ⊆ C for fifth and eighth order methods resp. It contains 
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all the roots of corresponding nonlinear equation and we 

use the iterative method beginning with each z0 of the 

square. We assign each point z0 a color in accordance with 

the simple root that the associated orbit of the iterative 

method, starting from z0, converges. If after at most 50 

iterations the orbit has a distance, to any of the roots, that 

is greater than 10−3, we label the point z0 as black, meaning 

that the orbit does not converge to a root. This is the way 

to differentiate the basin of attraction by their color for 

various methods. Let us take four test problems  

 

 

For studying convergence and stability of fifth order 

methods, we consider three test problems p1(z), p2(z), p3(z). 

 

  Fig 1: clearly exhibits the fractal graph of p1(z) polynomial. 

One can easily understand that the proposed method 

AR5 seems to construct larger basins of attraction than 

various fifth order method HM5, FM5, SM5, KM5, ZM5    and 

BM5 as there is no chaotic behavior at all. Whereas SM5, 

KM5, ZM5 and BM5 display a little chaotic      

behavior next to boundary point.  HM5 and FM5 shows 

the smaller basin of attraction than AR5. 

Fig 2: displays the fractal graph of p2(z) polynomial. We can 

acknowledge that the proposed method AR5 seems to 

construct almost competitive basins of attraction as FM5, 

SM5, KM5, ZM5 and BM5 as there is less chaotic  behavior 

nearby boundary points and larger basins of attraction 

than HM5. 

Fig 3: exhibits the fractal graph of p3(z) polynomial. One can 

easily acknowledge that the proposed method AR5 seems to 

construct larger basins of attraction than various fifth order 

method HM5, FM5, SM5, KM5, ZM5 and BM5 as there is less 

chaotic behavior nearby boundary points. 

 

For examining convergence and stability of eighth order 

methods, we take three test problems p1(z), p3(z), p4(z). 

 

Fig 4: exhibits the fractal graph of p1(z) polynomial. We can 

see that the proposed method AR8 seems to construct 

almost competitive basins of attraction as KM8 and larger 

basins of attraction than LM8, SM8, CM8, SNM8 and LSM8    
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as there is less chaotic behavior nearby boundary points. 

Fig 5: displays the fractal graph of p3(z) polynomial. One 

can easily acknowledge that the proposed method AR8 

seems to construct almost competitive basins of 

attraction as LM8, CM8, KM8 and larger basins of 

attraction than SM8, SNM8 and LSM8. 

Fig 6: exhibits the fractal graph of p4(z) polynomial. One 

can easily acknowledge that the proposed method AR8 

seems to construct almost competitive basins of 

attraction as CM8, KM8 and larger basins of attraction 

than 

LM8, SM8, SNM8 and LSM8. 

It is clear from the figures (1 − 6) the proposed fifth and 

eighth order methods show the best performance.
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6. Conclusion 

In this work, we have proposed fifth and eighth order 

iterative methods for finding simple roots of nonlinear 

equations. The methods require four and five function 

evaluations in each iteration to achieve the convergence 

order five and eight respectively and does not require 

evaluation of second derivative. Certain numerical 

experimentation have confirmed the efficiency and 

robustness of the proposed methods. Moreover, 

presented basins of attraction reveal the good 

performance of the proposed methods in comparison to 

various existing fifth and eighth order methods in 

literature. 
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