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Abstract

In this paper, we propose and discuss multi point iterative
methods for solving nonlinear equations. These methods
are based on classical newton method and have fifth and
eighth order convergence. The convergence analysis of
proposed methods have proved. The effectiveness and
performance of the new iterative methods have been
tested and compared with few existing equivalent
methods on various numerical examples. Finally, the
basins of attraction for various polynomials are
demonstrated to display the stability of method with
respectto the initial point.
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1. Introduction

In diverse fields of engineering and mathematical science,
searching an analytic solution of nonlinear equation of the
form f(x)=0; f : D € R - R is not always effortless and
feasible to some extent. Therefore, in orderto obtain
approximate solution, the numerical perspective, is not only
indispensable but also extensively used inmany real word
problems.
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One of the most known one-step optimal quadratically
convergent iterative scheme for the solution of such
nonlinear equation is classical Newton method (see [1, 2]),
stated by

flxg)
1 (xe)

Xkt] =X —

In recent years, a number of researchers have regularly
improved newton method to propose and analyze higher
order iterative methods in order to achieve more accurate
results such as Chebyshev method, Halley method, Jarrat
method, King’s method etc. When order of convergence of
iterative method increases then the number offunctional
evaluations per step also increases. The Ostrowski index
(see[3]) gives a measure of balance betweensuch quantities,
according to the formula E= p%?, where p is the order of
convergence of the method and d is thetotal number of
function evaluations per step. Recently, Many fifth and
eighth order iterative methods have beendeveloped in the
literature(see[4—15] and references therein). The recent
publication by Petkovic[16] comprises a survey on the
developments that have been made in the class of multi-
point methods as well as an extended list of references.

In this study, we contribute a little bit more in the theory of
iterative procedures by proposing iterative procedures which
are free from second derivatives and are of fifth and eighth
orderof convergence. The rest of this paper is organized as
follows: The proposed methods are described in Section 2.
The convergence analysis is accomplish to demonstrate the
order of convergence in Section 3. Comparison of
presented methods with various existing methods of fifth
and eighth order in series of numerical illustrations is
presented in Section 4. Section 5 is devoted to the complex
dynamical analysis of the designed methods on quadratic,
cubic, bi-quadratic and fifth degree polynomials. In Section 6,
we end this paper with some concluding remarks.

2. The Proposed Methods

Assumethat r is a simple zero of f(x);i.e.f(r)=0,f(r)=0and
f (x) is a real function which is sufficientlydifferentiable on an
interval.
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Algorithm 1:- For initial approximation xo, the approximate
solution xw1 of f(x)=0 can be computed by thefollowing

iterative method:

N f{.-f.q]

F ()
R 3],
w5 |y 7 )
B 6/ (x)
T4l = X —

F'x) + ) +41" ()

(2)

The order of convergence of above method is five. It requires
one evaluation of f and three evaluations of f ' ineach
iterations. We call this iterative method as ARs.

Algorithm 2:- For a given initial approximation xo, computing
the approximate solution xw1 of f(x)=0 by thefollowing
iterative scheme:

N LY

[w)

1 1 3
¥=n-g Lf,{—u]‘l'm} flxe)
Wy =ap— L

Jue) + O] +4ze)

[, fa) ] F@)] fiw)

Lps] =W — a4+ m'l"fﬁ—u]'l'a m j"{_u]

The order of convergence of the above scheme is eight. It
requires two evaluations of f and three evaluations of

f'in each iterations. We designated this method as ARs.

Remark: - One additional step is added in fifth order method
defined in Algorithm 1 to achieve the convergence order
eight defined in Algorithm 2.

3. Convergence Analysis
Here, we have proved the convergence of above proposed
iterative schemes with the help of MATHEMATICA

13.0 software.
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Theorem 1. Ler f: D CE — R, be a real valued function defined on D, where D is aneighborhood of a simple

zero rof f(x). Suppose that f(x) is sufficiently smooth in D and differentiable in the neighborhood of r, then the
iterative scheme defined by (2) has order of convergence at least five.

Proof. Let ey =xp—r & =yi—r ép=2—r
Using Taylor’s series expansion of f(x) and f'(x) about rand assuming that f(r) =0, f'(r) £0

F(x) = £0) et Aacf-+Ase] +ue +Ase] +w +0(c])]. @
o) = £1(0) [ 14 2800+ 326+ 4] +SAseh + 6466 +0(6f)| ®

1
where A; = E‘f (r),

From (4) and {35), we get

fl)
f'lw)

following are the expressions of By(n=1,2,3)

= ex—Ase} +2(A3 - As)ej + (=443 + TArAs — 3a)él + Bieg + Bae +Bre] +0(ef). (6)

By =843 — 204343 + 643+ 104244 — 445, By = — 1643 + 524343 — 334243 — 84344+ 174344+ 134245 — g,
By = 3245 — 1284343 + 634343 — 1843 + T2A344 — 46424344 + 647 — 184345+ 114345 + 8A4z45 — 347

Using (6) in the first substep of the scheme (2), we get

& =Azef — 2(A3 —As)e; +(4A3 — TA243 + 3A4)e — B1e] — Bael — Brel + O(ed).

(N
Now, the following expansion of f'(v,) about r, is obtained by using the above result
£ (w) = £/ ()[1+ 2043438 +4448 +0() = £ ()[1+2436} —4(43 —AAz)e + Cref + Cae + O(¢f).
(8
where
C1 = 842(43 — 114243 +644), €y = —4A2(4A3 —TATA3 + 4244 — 245).
From (4) and (8), It follows that
J{:‘{:]j = e+ A — (U3 — A )e; + (243 — dads + Ag e + (34343 — 64244 +As)e; + O(ef). )
Substituting (6) and (9) in second sub-step of (2), we have
b= %ek - —_4r;’ N %{4«4% —A3)e} +0(éf). (10)

Expanding f'(z;) about r, we obtain

Fla) = £ (142408 43438 +4408 +0(F)] = £ ()14 Aney + i{—M%+ 33)e; + ém%— A3 +As)e +0(¢;)].

(11)
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By invocation of (4), (5), (8) and (11)in the last step of (2), we get

1 1
1= ﬁ(mhm%m-mﬁ 12404 +45)e; - ﬁ(lz(}Ai—l(}SﬁiﬁﬁmﬁAq +6A34 — 54y (34 + 545) - Mg )b +0(e]).

(12)

Hence, the fifth order convergence is established. Which
completes the proof of the theorem.

Theorem 2. Let f: DT E — R, be areal valued function defined on D, where D is a neighborhood of a simple
zero r of f(x). Suppose that f(x) is sufficiently smooth in D and differentiable in the neighborhood of r, then the
iterative scheme defined by (3) has order of convergence at least eight provided =9, f =1, y=8, § = —15.

Proof. Let & =w; — . Renaming the equation (12), we get

. 1
==

1
=5 (2443434343 — 643 + 124044+ As) e} — ﬁ{120.4g — 1054343 + 304344 +64 34— 54 (343 4+ 545 ) — 346 )el + O e]).

(13
Expanding f(wy) about r, we have
Flon) = £0) [é+ 4o + a8} + A+ A58+ At + O(E) | = £ 0 Eve + Eref +O(e]). (14)

Where

1 1
E = ﬁ{zmj+3.4%.4}—6.4°;+12.41.44 4A5), Ey= —ﬁ{lmzj— 10343A; + 30434, + 6434, — 54, (34] +545) = 344).

Substitueing (5), (8), (11), (12) and (14) in the last sub step
of proposed scheme (3), we have

Epy| = L|8?+L385+L383+L46{+O[€.?}.

Where
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M, wtpfrytd I,

1
L = 7iM|(24A§+3A;A§+12A1A376A%+A;,).
L, = ﬁ(lém%(?a—t-10,6+9y+86—5)—3A;A%(33a+30[j+31y+326—35)+6A4A5(9a—15[j—l3y+llé—5)
— 3404390+ 15 + 137+ 118 — 3) + AsA5(2300 + 206 + 217+ 228 — 25) 4 3(243A44 — Ag) M),
1 .
I3 96 48A5(58ex + 1198 + 94y + 758 — 30) + 64343 (6300 + 893S + 826y + 7298 — 450) — 124443 (103cx + 1956

155y +1278 — 67) + A3 (2A45(207a + 3265 + 2917 + 2508 — 115) — 3A3(144c — 615 + 22y + 878 — 228))
+ 645 (2434,4(260 + 418 +407+ 335 — 18) — Ap(21a + 158 + 177+ 198 — 25)) — 343 (49 + 918 + 857+ 678 — 25)
+ 3A3As(4a+ 115+ 10y+78) — 23A7M,),
1
96
4+ 12358 4949y + 7538 — 349) + A3 (A3 (7860 + 9201 + 96967 + 88958 — 5808) — 445(462a + 964 + 754y
5988 253))  6A3(AsA4(697a | 12298 1 1073y | 8698  493)  2A4(50a | 72B | 67y 1 598 29))
+ Ax(3A3(37a + 6138 + 4377+ 2198 + 169) + AsAs (6420 + 9698 + 9627+ 8118 — 390) + 2443 (260 + 41 + 40y
+ 338 —18) —A;(1500 + 815 + 1047+ 1278 — 196)) — 6AZA (410 + 925 + 877+ 648 — 13) 4+ 34:44(5a + 268
23y 1148 17) 2A4A5(2c 3B 12y 58 10)  36AsM).

Ls (48AT(1860 + 5478 + 372y + 2698 — 70) — 6A3A3(32060 + 6737 + 35007 + 42878 — 1610) + 124,A3(587cx

For the method to be of order eight, we must have ¢ =9, f = —1, y=18, § = —15. With these values, above
equation yields

1 ) )
ere1 s (A2(243 + 25A3) (2443 + 3A3A5 + 124244 — 643 +As)) &l + O(e}).

Hence, eighth order convergence is achieved. Which
completes the proof of the theorem

4. Numerical illustrations

In order to illustrate the efficiency and performance of the
proposed methods, few numerical examples are considered.
We compare the proposed methods with some existing fifth
and eighth order methods in literature. Note that all
computations are executed using MATHEMATICA 13.0
software. We conceive an approximate solution rather than
the exact root. The total number of iterations (N) are listed
by using the stopping criteria either

ey —xn_i] < 107 ar |f(xy)] < 107,

When the stopping criteria is satisfied, xn is taken as
computed root r. It is the well-known fact that, in case of
multi-step iterative methods, a fast convergence can be
achieved if initial approximation is very close to the root;for
this reason, a special attention should be paid to exploring
appropriate initial approximation [1]. Furthermore, any
iterative method may be divergent when initial
approximation is away from the exact root.

For exhibiting numerical results, some existing fifth and
eighth order methods from literature are given below:
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Ham et al. method (HM5)[4] is given by:

)
T )
et =i — Flve) Fle) +3F ()
T P 5 0m) — ()
(15)
Fang et al. method (FM35)[5] is given by:
M)
e
et =i — SF2 () + 32 () flow)
I F2x) + T2 (va) )
(16)
Sharma method (SM5)[6] is given by:
=g — 2 L)
HERTI
PR 1 flo) )
oz 3 ) — M)’
oot =k flze)
o Floe)”
(17
Kumar et al. method (KM5)[7] is stated as:
_ flx)
T )
o ) + ()
EAERT T
et = l_f(a—L)
o R 6% I
(18)
Zang et al. method (ZM5)[8] is stated as:
_ Sl)
T )
2= g — L) floe)
) ) — 2 ()
it —2a— Flae)
Fxe)
(19)
Bawazir method (BMS5)[9] is given by:
N i)
T )’
e = 208 [y T ) )]
RS Garw) 1
(200
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Liu et al. method (LM8)[10] is stated as:

fou)
7w
flw) Sl
Fle) =2f ) filxe)”
m_a_[(ﬂu)—ﬁu))i @), 4 | @
1) =2700)) " TO)= 1) )+ /(@) | Fla)

Yo =X —

k=W

Sharma et al. method (SM8)[11] is given by:

u=.u—fm)

' fl)’

o 5D Tn]} flw)

wmns [3 ") ) o)

vy =z | L0 =Tt + /e n] | S@)
o ool = flaw] | Flw)

Cordero et al. method (CM8)[12] is stated as:

Y= — M‘

)
oy Fla) ()
B )= 22 () () — £ ) ) = L) )’
oy gy ) +3/(0) fz)

Fla)+£(ze) flaey] + flaxem)(z—y)

Sharma et al. method(SNM8)[13] is given by:

— flg)

")

LS o f fw) fo0\|F 7w
amn- 160 (225) +”(fm))] o)

R ) +1+4M 1)
= lf{'fn —ﬁ-} )

Lotfi et al. method (LSM8)[14] is given by:

S flx)
' flw)’
R fl)  flu)

T flw) =2 () flxe)
o+ T S M
Xl =3k —

flve) =flz) )
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Kong method{ KME)[15] is given by:

Vi =X — .fflkj N
' Frixg)
o= e £2(x) fln)
) = 2 Caw) F (ve) + P (v ) ()
Xp+] =Zk— 'f.-{:ﬂ .
Sizi)

9(25)

Table 1: Efficiency Indices of various methods

Methods |p [d |E

NM2 2 R 1.4142
HMS5 5 |4 1.4953
SM5 5 @4 1.4953
FM5 5 @4 1.4953
KM5 5 5 1.3797
ZM5 5 |4 1.4953
BM5 5 @4 1.4953
AR5 5 @4 1.4953
LM8 8 4 1.6818
PM8 s |4 1.6818
SM8 8 4 1.6818
cM8 8 4 1.6818
SNM8 s |4 1.6818
LSM8 8 4 1.6818
KM8 8 5 1.5157
AR8 8 5 1.5157

Table 2: Test functions with their approximate root and initial approximation:
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flx)

Root(r)

Initial approximation{x;)

filx)=1 L) _ cos(x+1)+x
flx) = Va2 + 2045 = 2sinx —x* 43
fi(x) = In(x* +x+2)—x+1
fil) =X+ 48— 15
fs(x) = arctan(x) =x* + 1
fo(x) = sinx +cosx +x
5 x|
f(x) = +sin(3) -7
fa(x) = /x—cosx
folx) =(x=1) -1

-1.0000000000000000..
2.3319676558839637..
4.1525907367571583..
1.3474280989683(49..
1.3961536566409308..

-0.45662470456763082..

0.40999201798913709..

0.64171437087288263..
2.00000000000000000..

-30
3.0
2.8

3
1.5
-19

0.8

1.3
35

Table 1 shows the efficiency indices of various methods and
new methods. Table 2 represents the test functions,their
approximate roots r and initial approximations xo.

Table 3: Comparison between various fifth order methods
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' fi(z) J2() f3()
Methods & oy —ana] F@w)] N Jfow —awea] [f@n)] N law —znaal 7@
HM5 |10 7.1528(-45) 3.8373(-89) 7 4.2586(-30) 3.2901(-60) 5 8.8818(-15) 5.3291(-67)
FM5 |6 8.8249(-44) 1.5332(-172) 7 2.0597(-20) 1.1294(-59) 3 3.1757(-5) 1.9127(-59)
SM5 |4 2.9587(-10) 1.7792(-67) 5 4.4409(-16) 8.8818(-16) 2 1.5422(-3) 2.9873(-89)
KM5 |4 9.2462(-35) 4.7927(-274) 4 4.3929(-37) 1.5671(-87) 2 1.28003(-3) 7.7630(-63)
ZM5 |4 1.7033(-2) 5.9741(-135) 4 3.4045(-46) 1.9384(-230) 2 1.4547(-3) 8.7605(-74)
BM5 |4 4.6305(-20) 1.2769(-79) 4 1.3746(-42) 1.5016(-212) 2 1.2505(-3) 7.5308(-84)
AR5 |7 3.2261(-34) 1.0408(-67) 4 5.0061(-35) 8.8327(-175) 2 2.6479(-4) 1.2466(-93)
/ 14(@) (@) Jo(@)
Methods o vl 7@ N low—ana] T N lew —zweal [Fn)
HM5 |8 1.0354(-33) 3.1642(-65) 5 4.4806(-149) 2.2205(-16) 7 3.5903(-148) 5.5511(-17)
FM5 |7 3.4454(-25) 6.8402(-72) 4 3.7286(-147) 2.2205(-16) 5 4.5662(-148) 5.5511(-17)
SM5 |5 1.1136(-42) 2.6645(-58) 3 4.8759(-149) 2.2204(-16) 4 2.6196(-149) 5.5511(-17)
KM5 |5 6.4649(-39) 2.1317(-189) 3 1.6535(-146) 2.2205(-16) 4 3.2984(-141) 5.5511(-17)
ZM5 |4 7.6899(-13) 1.1087(-50) 3 9.8020(-141) 2.2204(-16) 4 3.4057(-140) 5.5511(-17)
BM5 |4 1.0519( 11) 70219( ) 4 2.2205(-146) 22205( 16) 4 2.4599(-247) 5.5511( 17)
AR5 |4 4.1954(-12) 6.6189(-56) 3 4.7267(-147) 2.2205(-16) 4 2.2193(-242) 5.5511(-17)
' f(x) Js(x) Jol)
Methods\ 1o\ TG N e —awar] TFan) N Jaw =zl 7]
HM5 |5 2.339(-102) 2.3845(-52) 4 1.0850(-11) 1.3267(-121) 6 2.0472(-13) 6.1417(-93)
FM5 |4 1.3846(-110) 1.4113(-31) 3 3.5277(-8) 4.3134(-83) 5 7.4254(-7) 2.2276(-60)
SM5 |4 2.0550(-413) 2.7755(-17) 2 2.5501(-6) 3.1201(-66) 3 1.3268(-4) 3.9811(-54)
KM5 |3 2.584(-112) 2.6342(-11) 3 3.9215(-5) 4.7950(-55) 4 1.7763(-15) 5.3201(-55)
ZM5 |4 2.0544(-143) 2.7755(-17) 2 1.1638(-4) 1.4230(-84) 2 1.3269(-4) 1.32687(-72)
BM5 |4 2.0500(-147) 2.7756(-17) 3 1.1102(-16) 1.11022(-68) 2 1.7402(-4) 5.2215(-104)
AR5 |4 1.1102(-144) 2.7756(-17) 2 2.7052(-4) 3.3076(-73) 3 T.5977(-5) 2.2795(-57)
Here a(—b) = a x 100,

Table 3 represents the corresponding results for f; — fo. The
computational results clearly show that new proposed fifth
order method is competitive with other existing fifth order
methods. One can easily notice that there is no clear
champion between the various fifth order methods in a
manner that one acts well in one state while others call for
other. Table 4 shows the comparable results for f; - fo. The
computational results clearly show that new proposed
eighth order method is competitive with other existing
eighth order methods. We can easily perceive that there is
no clear titleholder between the various eighth order
methods in a manner that one acts well in one state while
others lead the way in other.
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Table 4: Comparison between various eighth order methods

Methods

hlz)

fo(z) f3(@)

Nlzy —an-1]  |f(an)|

Ny —ay—|  [flen)l Ny —zy-|  |f(ay)]

LMS
SM8
CM8
SNM3
LSM8
KM8
ARS8

3 6.4057(-12) 1.9973(-38)
4 1.2003
5 1.3193
4 1.2053

(4
(-42) 7.4003(-212)
(-
4 5.2078(-
(-
§

5)

)

5) 4.7099(-177)
5) 7.0930(-224)
0) 5.3436(-63)
5.1265(-86)

3 1.0958

4
3
45
1
4 1.1655(-2

)

161410(-227) 3 1.8716(-0) 1.1713(-74) 2

3 2.6648(-15) 4.8842(-121) 2 4.0279(-5) 2.42594(-151)
18168(-5)  2.9011(-145)
T3ITI(-T) 44074(-171)
4.8695(-5)  2.9328(-149)
)
)

(-
3 5.0000(-31) 1.9067(-248) 2 (- -
- -
1.1448(-4) ~ 6.8949(-205)
- (-166)
- (-157)

5 1.3361(-42) 4.1997(-340) 2
3 9.6085(-0) 2.9431(-69) 2
3 2.8063(-22) 7.2332(-178) 2
3 2.1150(-13) 1.3824(-105) 3

05
4.8170 166
1.0503 157

2.9012

7
5
4
6
5) 6.3261

Methods

filz)

f5(@) fo(x)

Nloy—zy|  |flzy)]

[f(zy)]

Nlzy —ay_q| |flen)] Nloy -2y

LMS8
SM8
CM8
SNM8
LSMS
KM8
ARS8

1 3.4279(-40) 2.2871(-314)
3 2.1049(-11) 4.4311(-83)
4 5.0068(-40) 4.9730(-313)
4 6.8582(-26) 7.0303(-199)
1 9.7288(-33) 6.0842(-254)
4 9.6909(-43) 9.0873(-335)

(- (-313)

4
2
3
4
4 3.8026(-40) 2.1456(-313

1.0385(-1) 15229(-90) 2 1.8648-2) 5.5511(-
1.0385(-10) 1.9842(-50) 2 2.6239(-2) 5.5511(-
1.0385(-40) 4.7433(-110) 2 1.7196(-3) 5.5511(-

(-70
(-7
(-7
1.0385(-1) 5.3449(-119) 9 6.6946(-16) 5.4153(-6
(-6
(-7
(-7

)
)
1)
0)
4)
1)
)

1.0385(-1) 3.3698(-69) 3 5.9682(-2) 5.8564(-
1.8909(-40) 2.2205(-106) 2 2.3241(-3) 5.5511(-
4.4444(-47) 2.2205(-106) 4 1.0547(-45) 5.5511(-

Methods

fi(z)

RAEZ)

N |zy —zn—1|

fs(z) fo(@)
- |fln)l Ny —zy-|  |f(zy)l

LMS
SM8
CM38
SNM8
LSM8
KM8
ARS8

2.0271(-
9.9120(-
1.1965/-
4.2067(-
2.6085-

(-

(-

2.0667(-78)
2.7756(-117)
1.2201(-96)
4.2897(-83)
6.8949(-76)
8.4122(-68)
6.3261(-106)

8.2522
3.7526

2.8164 (-88) 2 8.4451(-2) 2.2601(-108)
2.6708(-67) 2 2.2743(-3) 6.8385(-53)
8.7391(- 2 51732(-2) 3.1123(-101)
6.4730(- 5.4480(-7)  1.6347(-61)
2.6650(- 5.1669(-8)  1.5501(-77)

5.0535(-10)  1.5160(-89)
9.1686(-10) 3.2796(-69)

AT
\_/VV\_/

-2
-7
-8

7
8
6

[P5)
O
o
=
[
_

Here a(-b

2 4)
) 5)
) 5)
2 4)
2 4)
) 5)
) 7
) -b

b) =a x 100=Y),

5.

Basins of Attraction on the Complex Plane

In this section, we are studying the dynamical behavior of

above mentioned fifth and eighth order iterative methods

by generating basins of attraction for three different

polynomials. Actually, basin of attraction is an approachto

visually comprehend how an iterative method acts as a

function of the various starting points. Stewart [17] was

the first who generates the basins to compare classical

newton method with various other methods of different
orders. Following [18] and [14], we take a grid of 256 x 256
points in square [-2, 2] x [-2, 2] € C and [-2.5, 2.5] x [-2.5,
2.5] € C for fifth and eighth order methods resp. It contains
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all the roots of corresponding nonlinear equation and we
use the iterative method beginning with each zo of the
square. We assign each point zp a color in accordance with
the simple root that the associated orbit of the iterative
method, starting from zo, converges. If after at most 50
iterations the orbit has a distance, to any of the roots, that
is greater than 1073, welabel the point zo as black, meaning
that the orbit does not converge to a root. This is the way
to differentiate thebasin of attraction by their color for
various methods. Let us take four test problems

pE)=7-1 plr)=7- } plz)=2- ;:3 +41- mD)=7- l

For studying convergence and stability of fifth order
methods, we consider three test problems pi(z), p2(z), ps(z).

Fig 1: clearly exhibits the fractal graph of pi(z) polynomial.
One can easily understand that the proposed method

AR5 seems to construct larger basins of attraction than
various fifth order method HM5, FM5, SM5, KM5, ZM5 and
BMS5 as there is no chaotic behavior at all. Whereas SM5,
KMS5, ZM5 and BMS5 display a little chaotic

behavior next to boundary point. HM5 and FM5 shows
the smaller basin of attraction than ARS5.

Fig 2: displays the fractal graph of p2(z) polynomial. We can
acknowledge that the proposed method AR5 seemsto
construct almost competitive basins of attraction as FM5,
SM5, KM5, ZM5 and BMS5 as there is less chaoticbehavior
nearby boundary points and larger basins of attraction
than HMS5.

Fig 3: exhibits the fractal graph of ps(z) polynomial. One can
easily acknowledge that the proposed method AR5 seems to
construct larger basins of attraction than various fifth order
method HM5, FM5, SM5, KM5, ZM5 and BM5 as there is less
chaotic behavior nearby boundary points.

For examining convergence and stability of eighth order
methods, we take three test problems pi(z), ps(z), pa(z).

Fig 4: exhibits the fractal graph of pi(z) polynomial. We can
see that the proposed method AR8 seems to construct

almost competitive basins of attraction as KM8 and larger
basins of attraction than LM8, SM8, CM8, SNM8 and LSMS8
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as there is less chaotic behavior nearby boundary points.
Fig 5: displays the fractal graph of ps(z) polynomial. One
can easily acknowledge that the proposed method AR8
seems to construct almost competitive basins of
attraction as LM8, CM8, KM8 and larger basins of
attractionthan SM8, SNM8 and LSMS.

Fig 6: exhibits the fractal graph of pa4(z) polynomial. One
can easily acknowledge that the proposed method ARS8
seems to construct almost competitive basins of
attraction as CMS8, KM8 and larger basins of attraction
than

LM8, SM8, SNM8 and LSM8.

It is clear from the figures (1 -6) the proposed fifth and
eighth order methods show the best performance.
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a) HM5 b) FM5

o) SM5 d) kM5
e)ZM5 [} BMS

gl ARS

Fig 1: Basins of attraction for p.(z) = 22-1
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a) HMS b) FMS5

¢) SMS d) kM5

e) ZM5 f) BMS

g) ARS
Fig 2 : Basins of attraction for pa(2)=22-1/z.
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a) HMS b) FMS

¢) SM5 d) KM5

-

e)Zm5 ) BMS

g) ARS

Fig 3 : Basins of attraction for pa(z)=2*-(5/4)2%(1/4).
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a) IM8 : b)sm8

¢ CM8 d) SNMS

) ks

e LSM8

g)ARS

Fig 4 : Basins of attraction for p(z)=2%-1.
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g) ARS8
Fig 5: Basins of attraction for pa(z)=2*(5/4)2+(1/4) .

156



Journal of Namibian Studies, 32 (2022): 138-159 ISSN: 2197-5523 (online)

Special Issue On Multidisciplinary Research

elsMs f1KM8

g) ARS

Fig 6: Basins of attraction for pa(z)=2*-1/z.
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6. Conclusion

In this work, we have proposed fifth and eighth order
iterative methods for finding simple roots of nonlinear
equations. The methods require four and five function
evaluations in each iteration to achieve the convergence
order five and eight respectively and does not require
evaluation of second derivative. Certain numerical
experimentation have confirmed the efficiency and
robustness of the proposed methods. Moreover,
presented basins of attraction reveal the good
performance of the proposed methods in comparison to
various existing fifth and eighth order methods in
literature.
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