Journal of Namibian Studies, 35 S1(2023): 967-975 ISSN: 2197-5523 (online)

Connectedness And Compactness In Intuitionistic
Topological Space

K. Heartlin?, J. Arul Jesti?

'Research Scholar, Reg.N0.19212212092006
2Assistant Professor, PG and Research
Department of Mathematics,

St. Mary’s College(Autonomous),
(Affiliated to Manonmaniam Sundaranar University,
Abishekapatti -627012, Tirunelveli)
Thoothukudi-1,TamilNadu, India
! heartlingladson@gmail.com 2aruljesti@gmail.com

ABSTRACT
In this paper, the notion of Iaé\-connectedness in
intuitionistic topological spaces. Also Ia/g\-compactness is
defined in intuitionistic topological spaces and several
preservation properties are obtained.

1 Introduction

The concept of intuitionistic sets in topological spaces was first
introduced by Coker[1] in 1996. He also introduced the concept
of intuitionistic points and investigated some fundamental
properties of closed sets in intuitionistic topological spaces.
Also in 2000 [3], developed the concept of intuitionistic
topological spaces with intuitionistic sets and compactness.
J.Arul Jesti and K.Heartlin [6] introduced the concept of
alpha”generalized closed sets in intuitionistic topological
spaces. In this paper some properties of I(x/g\- connectedness
in intuitionistic topological spaces and Iaé-compactness in

intuitionistic topological spaces.
2. Preliminaries

Definition 2.1 [1]: Let H be a non-empty set. An intuitionistic
set (IS for short) A is an object having the form A
=<H, A, A,> Where A; and A, are subsets of H satisfying
A N Ay = . The set A, is called the set of members of A,
while A, is called set of non members of A.
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Definition 2.2 [1]: Let H be a non-empty set and A and B are
intuitionistic set in the form A =<H, A, Ay >, B =<
H,B4,B, > respectively. Then

a) ACBiff Ay € Bjand A, 2 B,

b) A=BiffACBandBC A

) AC=<H, Ay A >

d A-B=ANnSBE

e) O=<H,oH>H =<H,H,p>

fl AUB=<H, A UB,A,NB, >

g) ANBVB=<H,A; NB,A, UB, >.

Definition 2.3 [5]: Let (H,It) be an intuitionistic topological
space. Then H is called I-disconnected if there exists an lI-open

setsR#= ¢ andS# psuchthatRUS#PpandRNS = . H
is called I-connected, if H is not disconnected.

Definition 2.4 [5]: Let N be an intuitionistic set in the ITS (H,I1).
If there exists [-open sets R and S in H satisfying the following
properties, then N is called IC;-disconnected (i = 1,2,3,4).
ICcNESRUSRNSS NS ,NNR=#=¢d,NnS= ¢,

IC; NS RUSRNSNN=¢NNR*=NNS

+ ¢.
IC: NS RUSRNS S N R &N€S & N€,
IC,NS RUSRNSNN = ¢R &NS & N°.

N is said to be IC;-connected (i = 1,2,3,4) if N is not IC;-
disconnected (i =1,2,3,4).

Definition 2.5[7]: An ITS H is called Ia/g\-disconnected if there
exists an Iaé\—open setsR# dpandS# ¢ suchthat R U S =
H andR N S= cT) H is called Iaé\—connected, if H is not
lad-disconnected.

Definition 2.6 [7]: Let N be an intuitionistic set in the ITS (H,It).
If there exists Iaé\—open sets R and S in H satisfying the
following properties, then N is called Ioc/g\Ci-disconnected (i=
1,2,3,4).

lafC;: NS RUSRNSCS N ,NNR=#=¢H,NNnS=*
b,

IfC,;: NS RUSRNSNN=¢NNR=NNS

* o.

IafC3:N € RU S, RN S & N° R NS &N,
lafCiN S RUSRNSNN = §R NS ZN°
N is said to be IajC;-connected (i = 1,2,3,4) if N is not lafC;-

disconnected (i =1,2,3,4).
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Definition 2.7 [3]: Let (#,It) be an intuitionistic topological
space. If a family {< H, P, ,P,, >;k €]} of [-open sets in 3
satisfies the condition U {< H, P, Py > kel = H ,then
it is called an I-open cover of H. A finite subfamily of an Iaé\-
open cover {< H, P, Py > ;k €]} of H, which is also an I-
open cover of H is called a finite I-subcover of {< 3, P, , P, >
k €]}

Definition 2.8 [3]: Let (#,It) be an intuitionistic topological
space. Afamily {< H, P, P, >;k €]} of I-closed sets in }
satisfies the finite intersection property iff every finite
subfamily {P;, P,, P;,...., P, } of P satisfies the condition Nji-; <
H,P Py > * .

Definition 2.9 [3]: An ITS (H,It) is said to be I-compact iff
each I-open cover has a finite I-subcover

Definition 2.10 [3]: Let (, It) be an intuitionistic topological
space and G be an IS in H . The family {< H, PPy >k € I}
of [-open sets in H is called an [-open cover of Gif G S U {<
H, P, P >k EJ}.

Definition 2.11 [3]: AnISG = < H,G4,G, > inan ITS (¥, It)
is called I-compact iff every I-open cover of G has a finite I-
subcover. Also we can define an IS G =< H,G4,G, > in
(H,1It) is I-compact iff for each family P = {P: k € J}
where Py = {< H, P, P > ; kK € J}ofl-opensetsinH, G, S
UkerPr, and Gy 2 Ugey Py, there exists a finite subfamily
{Py, Py, P;,...., Py} of P such that G; & Ug_qPjand G, 2
Uk=1 P2,

Proposition 2.12 [3]: Let (H, It) be an intuitionistic topological
space on . Then, we can also construct several ITS’s on H in
the following way:

(@) 1to1={[1G:GEIT}, (b) Ito={<>G:G €It}
Remark 2.13 [3]: Let (H,It) be an intuitionistic
topological space.

(@) Iti={A;: < H, A4, A, >€ It} is a topological space on
H. Similarly, ko={A,: < H, A4, A, >€EIt}is the family of
all closed sets of the topological space It; = {(A,)¢: <
H,Aq, A, >ElttonH.

(b) Since Ay N Ay= ¢ foreach A =< H,Aq, A, >EIt, we
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obtain A,S (A;) ¢ and A,S (A,) ©. Hence, we may
conclude that (H, Ity, It,) is a bitopological space.

3. Iaé\-connectedness in Intuitionistic Topological Spaces
Theorem 3.1.: If Gy and Gy, are intersecting IaQCl—connected
sets, then Gy U Gy is also Iy Cy-connected.

Proof: Let Gy U Gy, be Iaé\Cl-disconnected. Then there exists
lag-open sets R and S such that Gy UG, SR U S,RN S &
(Gx U Gy)and (G; U Gy) N R# ¢, (Gx U Gy) N S # .
Suppose Gy and Gy are Ia’g\Cl—connected then (GgxN R= ¢
orGy N S= ¢)and (Gyn R= ij)orGy N S= ). Since Gy
N Gy # ¢ , there exists P € Gy N Gy of the following cases.
Case (i): Let Gy N R= ¢ and Gy N S= . Then (GyN R) U
(Gy N R)=(Gx UGy)N R= & which is a contradiction. Case
(ii): Let GyN R= $and Gy N S= & . Then there exists p ¢
R, P € S which is impossible since p € Gy UGy, S H U Y.
Case (jii): Let Gy N S= ¢ and Gy N R= . Then there exists
P ¢ R, P & S which is impossible as above. Case (iv): Let Gy
NS=¢ andGy, N S=¢.Then (Gy N S) U (G, N S) =
Gy UGy NS = ¢ which is a contradiction. Hence Gy, and
Gy are lagC;-disconnected.

Theorem 3.2: If G, and Gy are intersecting Ioc/g\Cz-connected

sets, then Gy U Gy is also IaQCZ—connected .
Proof: Similar to Theorem 3.1.

Theorem 3.3: Let (G ): k € ] be a family of Iaé\Cl-connected
sets such that N G, # ¢. Then U Gy, is also Ia) C;-connected.
Proof: Let G =U G, be Iaé/,\Cl-disconnected. Then there
exists Iaé\-open sets R and S suchthatG € RUS,RNS <
GS,GNR+* ¢, GNS # ¢ Consider any index k, € J.
Since Gy, is Iaé\Cl-connected, we have Gy, N R = ¢, or
G, NS = @, So we have three cases. Case (i): If Gy N R =
¢ foreachk € J;andG, N R =(UG,) N R=U (G, N R)
= ¢ which is a contradiction. Case (ii): If G, N S = ¢ for each
k€ JiandG, NS = (UG, N S=U(G,N S) = ¢ which
is a contradiction. Case (iii): If G, N R = ¢ for each k € J;
and G, NS = ¢ foreachk € J, where] = J; UJ, and J;
#¢,],#P.SincenG, #¢,p ENGy. Inthiscasep & R
andp ¢ S whichisa contradictionp € G € RUS.HenceG
is also Iaé\Cl—disconnected.
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Theorem 3.4: Let (G ): k € ] be a family of Iaé\Cz-connected
sets such that N G, # ¢. Then U Gy, is also Ia!/]\Cz—connected.

Proof : Similar to Theorem 3.3.

Theorem 3.5: Let (H, I7) be an intuitionistic topological space.
Then

(1) @is Ia)Cy-connected

(2) dis la)C,-connected.

Proof. (1) Suppose a be Iaé\Cl—disconnected. Then there exist
Iajopensets Rand Ssuchthat aSRUS,R N S ca‘, an
R#¢,dn S+¢ whered =< H,{a)°{a} >.Sincedn
R#danddn S+¢ ,wegetd € Randd@ € S.ButR n
S € df impliesRy N'S; € d€and R, U S, 2 ¢ which is
impossible. Hence @ is Ia}) C;-connected. (ii) Let @ be Ia)C,-
disconnected. Then there exist Iaé\—open sets R and S such
that i S RUS,RNSNad=¢,daNnR*d,anS+¢.
SincedN R#+danddnN S+¢ ,wegetd € Randd € S
whichimpliesa € R,anda & S,.ButR N S Nd = ¢ which
implies R, U S, U{a}* = which is impossible. Hence d is
la})C,-connected.

4, Iag-Compactness In Intuitionistic Topological Spaces
In this section we discuss the concepts of an Iaé\-Compactness

in intuitionistic topological spaces and also some results are
discussed.

Definition 4.1: Let (#,It) be an intuitionistic topological
space. If a family {< H, Py, Py >; k eJ} oflag\-open sets in
H satisfies the condition U {< H, P, ,P, >;k €]} =%,
then it is called an Iaé’,\-open cover of #. A finite subfamily of
an laj-open cover {< H,P, ,P, >;k €]} of H, which is
also an Iag\—open cover of H is called a finite Iag—subcover of
{<H, Py, Py, >3k €]}

Definition 4.2: Let (H,It) be an intuitionistic topological
space. A family {< H, P,,, P, >;k €]} of Ia!/]\-closed sets
in H satisfies the finite intersection property iff every finite
subfamily {P;,P;, Ps,....,P,} of P satisfies the condition
Niey <H, P, Py > * .
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Definition 4.3: An ITS (¥, I7) is said to be Ia!/]\-compact iff

each Iaé\-open cover has a finite Ia!/]\—subcover

Definition 4.4: Let (I, I7) be an intuitionistic topological space
and G be an IS in H. The family {< H,P,,,P,, >;k €]} of

Ia!/]\—open sets in H is called an Iaé\-open coverof Gif G S U
{<}[’P1k’P2k >;k E]}

Definition 4.5: An IS G =< H,G,,G, > in an ITS (H,I7) is
called Ia!/]\-compact iff every Ia!/]\-open cover of G has a finite
Ia!/]\—subcover. Also we can defineanISG =< H,G,,G, > in
(H,IT) is Iaé/]\—compact iff for each family P = {P, : k € J}
where P, = {< H, Plk,sz >k €]J}of Iaé\-open sets in H,
G1S Ugey Py, and G 2 Ugey Py, there exists a finite
subfamily {P;, P, Ps,...., P,} of P such that G; € UZzlPlkand
Gz 2 Uj=1 Py,

Proposition 4.6: Let (H,I7) be an intuitionistic topological
space. Then (3{,I7) is Iaj-compact iff the ITS (It ) is
la)-compact.

Proof: Necessity: Let (7€, IT) be Iaé\-compact and consider an
Iag\-open cover {[ P, : k € J} of H in (},Itg; ). Since U
([1P«) =H , we obtain U P;, = H and hence P,, < (Py,)°
which implies N P,, € (U Py, ) = ¢ which implies N P, =
¢ and hence U P, = H. Since (K, It) is Iaé\-compact, there
exists Py, P,, Ps,...., B, such that Up_, P, = H which implies
Uk=1 P1, = H and Nz, Py, = ¢. Hence (3,179, ) is laj-
compact.

Sufficiency: Suppose (H,I7g1) is Iaé\-compact. Consider an
Iaj-open cover {P, : k € J}of H in (¥, I7).Since U P, = A,
we obtain U P;, = 3 and hence N (P, )¢ = ¢ which implies
U ([]P,) = H. Since (H, Itg,)is Iaé\—compact, there exists
Py, Py, P;,...., Py such that UR_,([]P,) =H which implies
Uk=1P1, = H and NE=1(Py, )¢ = ¢. Hence P;, S (P,,)°
which implies ¥ = U=, P;, S (Nj=1Pz,)° which implies

k=1 P2, = ¢. Thus Uf_y P, = H.So (M, I7) is I a}-compact.

Proposition 4.7: The ITS (H,I7) is Iag/]\—compact iff (3, 17,) is

Iaé\—compact.
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Proof: Similar to Proposition 4.6.

Proposition 5.5.8: Let f: (#,I7,) — (Y, Itg) be asurjective
Iaé\—continuous mapping. If (¥,17,) is Iaé\-compact then
(Y, Itg) is intuitionistic compact.

Proof: Let {P, : k € ]} be any intuitionistic open cover of Y.
Since f is Iaj-continuous, {f *(P,) : k € [} is an Ia}-open
cover of H. Since (H,It,) is Iaé\-compact, it has a finite
subcover {f~1(P)), f~1(P,), f~1(P3),...., f~1(P,)} such that

ke fH(PY) = H oand NRoyfTH(Py) = @ that s
fH(Uk=1(Py)) = 3 and f71(NR=1(Py)) = ¢ which
implies Ug=,(Py,) = f(#) and Ng=1(Pz,) = f(¢). Since f
is surjective {Py, P, P3,...., B, } is an open cover of Y and hence
(Y, Itg) is intuitionistic compact.

Corollary 4.9: Let f:(H,It,) — (Y, Ity) be  Ilaj-
continuous. If N is Iaj-compact in (#,17,), then f(N) is
intuitionistic compact in (Y, Itg).

Proof: Let {G), : k € J} be an intuitionistic open set of Y such
that f(N) S U {G,: k€ J}. Then N cU {f71(Gy): k€
JYwhere f71(Gy) is Iaé\—open in H for each k. Since N is Iaé/,\—
compact relative to H, there exists a finite sub collection
{G1,G3,.....,G,}  such that Ncu {f1(G): k =
1,2,...,n} . Hence f(N)c f(U {fYG: k =
1,2,...,n}) =V {f NG : k = 1,2,...,n}) cuU {Gy
tk = 1,2,...,n}. Hence f(N) is [ aj)-compact relative to Y.

Proposition 4.10: Let f: (#,It,) — (Y,Itg) be an Iaé\—
irresolute mapping and if M is Iaé\-compact relative to H, then
f (M) is Ia)-compact relative to Y.

Proof. Let {P; : k € J} be an Iag-open set of Y such that
f(M) € U {P,: k€ J}. Then M cuU {f"1(P): k € J}
where f71(P,) is Iaé\—open in H for each k. Since M is Iag/,\—
compact relative to H, there exists a finite sub collection
{P;,P,,.....,B,} such that Mcu {f1(P): k =
1,2,...,n} which implies f(M) cU {P,:k = 1,2,...,n }.
Hence f(M) is Iag\-compact relative to Y.
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Proposition 4.11: Let f: (#,It,) — (Y,Itp) be an la}-
irresolute mapping. If H is Iaé\-compact, then{Y isalso an Iaé\-
compact space .

Proof. Llet f:(H, It,) — (Y,Itg) be an Iaé\-irresolute
mapping from Iaé\—compact space (#,It,) onto an
intuitionistic topological space (Y,Itg). Let {G, : k € ]} be
an Iaé\—open cover of Y. Then {f"1(G,) : k € J}is an Iaé\-
open cover of H. Since H is Iaé\-compact, there is a finite
subfamily {f‘l(le),f‘l(sz),f‘l(Gkg), ...... ,f‘l(Gkn)} of
{{71(G) : k € J} such that UL, f~(Gy) = H . Since f is
onto, f(H) = Y and f(UfL, f71(Gy)) = UL {7 (Gi)) =
UjL; G- It follows that UfL;G, =T and the family
{Gy,, Gk, Gigyoe-e - ,Gg, } is an intuitionistic finite subcover of
{Gk: k € ]J}. Hence (U, Itg) isan Ia/g\- compact.

Theorem 4.12: An ITS (H,I1) is Iaé\—compact iff every family
{<H,Py, P, >;k €]}of lag-closed sets in A having the FIP

has a nonempty intersection.

Proof: Assume that H is Iaé\—compact that is every Iaé\-open
cover of H has a finite Ia/g\—subcover. Let Py = {<
H, Py, Py > ;K €]} be afamily of Ion/g\-closed sets of H. Also
assume that this family has finite intersection property. We
have to show that Ny ¢ Py # ¢. Suppose on the contrary ,
NkejPc = ¢ which implies NiejPk = $ which implies
UkejPx = H thatis Uxej < H, Py, Py, > = H. Since for
everyk € ], Prisan Ia@—closed set of 7, therefore Py will be
an lag-open set of . Thus, { Py = < H, P, ,P;, >:k € J}is
an lag-open cover for H. Since H is lag-compact, this log-
cover has a finite Iaé\—subcover, say, Up_{Pr= Up_, <
H, Py, Py >= H Then, m = 7-:[ which implies
Ng=1Px = 213 Thus, the above considered family does not
satisfy the FIP which is a contradiction. Therefore, Ny ¢ Pk #
<T>. Conversely, assume that the family of Iag\—closed sets of H
having FIP has nonempty intersection. To show that H is Iaé\-
compact. Let{Py = {<H,P,,P, >;k €]}bean Ia/g\-open
cover of H. Suppose this Ia/g\—open cover has no finite Iag\—
subcover, that is for every finite subcollection of the given
cover, say, Up=q Px # H which implies m * }:[ which
implies Nji—; Py # ¢ . As each Py is an Iaé\-open set of H
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therefore, each Py is an Ioc/g\-closed set of H. Thus, { Py =<
H,Py Py, >:k € J}isafamily of Ia/g\—closed set of H having
FIP. Hence by the hypothesis it has nonempty intersection, that
isNkejPx # ¢ which impliesm # ¢ which implies
UkejPx # H. This shows that the family {Py = {<
H, Plk, sz >;k €]} isnotan Ia/g\—open cover for H, which is
a contradiction. Therefore, the given family must have a finite
Ia/g\-subcover and hence H is Ia/g\—compact.
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